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Introduction

The main theme in this talk is the equation
A |
r—1

where £, p,q are given primes such that p=¢q =
1 (mod 2).

=p"q,m >0, (1)



(1) is a specialization of a Thue-Mahler equa-
tion:
2L ye
r—yY
One of Evertse’s celebrated results implies that
this equation has at most 2 x 77(3—1)3 solutions

(Corollary 2 of Evertse, 1984).

= p"q",m,n > 0. (2)




Background

Our background is a problem on perfect num-
bers - integers N satisfying o(IN) = 2N, where
o(NN) denotes the sum of divisors of N as usual.



Though it is not known whether or not an odd
perfect number exists, many conditions which
must be satisfied by such a number are known.



Suppose N is an odd perfect number.

Euler: N = po‘qfﬁ1 e qfﬁt for distinct odd primes
p,q1, - ,q¢ With p=a=1 (mod 4).



We do not know a proof of the nonex-
istence of odd perfect numbers even in

this casel!



Steuerwald (1937): 8 # 1.

Kanold (1941): (284+1)%| N and 8 # 2. More-
over, if 28+ 1 is a power ¥ of a prime [, then

p=1 (modl) (esp. p#£~1).



McDaniel (1970), Hagis and McDaniel (1972),
McDaniel and Hagis (1975), Cohen and Williams
(1985), Fletcher, Nielsen and Ochem (2012):

B>9 B#£1 (mod3),£2 (mod5), 8# 11,14,18,24.



Conjecture (Hagis and McDaniel, 1972): 81 =
... = By = B does not occur.
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A partial result (Y, 2005):

2
W(N) < 482 + 28 + 3, N < 2477 720%3

So that, for each FIXED g, there are only
finitely many OPNs with g1 =.--- = 3; = 3.

We note that N < 24““) for any odd OPN
N (Nielsen, 2003).
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A further improvement (Y, to appear in Colloq.
Math., arXiv:1706.09341):

2
W(N) < 28248344, N < 2477 More-

over, if B> 29 or g is composite, then w(N) <
2
282 4 78 4+ 4, N < 24777
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This result rests on a diophantine lemma:

If ¢,p,q are given primes such that ¢ > 19 and
p=q=1 (mod/¥), then (1) has at most six
integer solutions (x,m) such that z is a prime

2
below 24" if £ is a prime > 59 and at most five
such solutions if £ is a prime > 59.
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with Gauss decompositions of cyclotomic poly-
nomials.

For example:
4(z%3 - 1)
x—1
=2z + 210 —52° — 8% — 72" — 42° + 42° 4+ T2t + 823 4 522 — x — 2)°?
4+ 23(210 4+ 2° — 2" — 22°% — 22° — 2% 4 2% + )2
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(Quoted from Section 357, p. 444 of Gauss,
Disquisitiones Arithmeticae)
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The main result (Y, 2018): If £, p, q are given

primes such that ¢ > 19 and p = g =1
(mod ¢), then (1) has at most four posi-
tive integral solutions (x,m). Moreover, if
(1) has five integral solutions (z;, m;) with
mg > mg > -+ > mq > 0, then m; = 0 and
rp = x7 for some integer r > 1.
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This gives:

w(N) <2B824+68+4,N <2

428%+68+4
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Our proof combines:

Gaps for solutions

and

Upper bounds for the sizes of solutions.
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A related result (Y, arXiv:1712.02199).

If D > 0 is a positive integer and p> > pq are
given primes, then

22 + D = 2%pkp}, (3)
has at most 63 integral solutions (x, s, k,1) with

x,k,l >0 and s € {0,2} (Theorem 2 of Evertse
(1984) gives 3 x 714).
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The proof uses Padé approximation technique
introduced by Beukers instead of upper bounds
for the sizes of solutions.

However, this method does not seem to work
for (1) since (1) implies relatively weaker ap-
proximation than (3).
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Notations and
a preliminary lemma

®,(x): The d-th cyclotomic polynomial.

(So that o(¢'™1) = (¢! — 1) /(g — 1) = dy(q) for
q,l prime)
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¢: a prime > 17 and D = (—1) 21, so that
always D=1 (mod 4).

IC,0: Q(v/D) and its ring of integers Z[(1 +
v'D) /2] respectively.
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h: the class number of O.

e, R =10ge: the fundamental unit and the reg-
ulator in IC respectively if D > 0. In the case
D < -4 weset e=—-1and R = .

(We note that neither D = —3 nor —4 occurs
since we have assumed that ¢ > 17)

We use the overline symbol to express the con-
jugate in K.
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~Lemma 1(Zsigmondy, 1882, Kanold, 1941, €tc.)
Suppose p is a prime and n is a positive in-
teger. If d| (n+ 1), d > 1 and (p,d) satisfies
neither (p,d) = (2,6) nor (p,d) = (2™ —-1,2)
for some integer m, then there exists a prime
K with ¢ =1 (mod d) and q | F;(p).
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~ Lemma 2A ~
If z is an integer > 3LU¢+1)/6] then &,(z) can
be written in the form X2 — DY?2 for some
coprime integers X and Y with 0.3791/z <
Y/(X - YVD)| < 0.6296/z.

\_
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Let p,q be primes =1 (mod ¢). Then, we can
factorize [p] = pb and [q] = qq into prime ideals
in O.

~ Lemma 2B N
If p,q are primes = 1 (mod ¢) and ®y(x) =
p™q for some integer m, then,

X-|—Y\/E_ﬁimﬁil (4)
e b))
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~ Lemma 3A

Assume that £isa prime > 17. If xo > x1 >0
are two multiplicatively independent integers
and ®y(x;) = p™iq for i« = 1,2, then xp >

D/

\
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The following lemma is a complementary result

of Lemma 3A.

~ Lemma 3B (Y, 2018)

Assume that Zisa prime > 17. If zo > x1 > 0
are multiplicatively dependent integers and
dy(x;) = p™iq for i = 1,2, then m; = 0 and

ro = x7 for some prime r.
N\

~
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~ Lemma 4 ~
If ®y(xz;) = p™iq; for three integers z3 >

xo > x1 > 0 with zo > $5(6+1)/6J’ then

m3 > 0.397 |R| x1.
-
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Matveev's result:

Let a1,ao,...,an De Nnonzero algebraic integers

in IC such that logai,...,l0gan are not all zero.
Foreachj =1,...,n, let A; > max{2h(a;),l0ga;},
where h(a;) denotes the logarithmic absolute
height of a;.

30



Put
B = max{1,|b1| A1 /An, |bo| Ao/An,
Q= A As... Ap,

Co=1-+10og3 —log?2,

Ci1(n) = %en(Qn + 3)(n+ 2)

X (4 + 1) Cen)
X (4.4n+55logn+7)

o [bnl},

31
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~ Lemma 5 (Matveev, 2000) N
Let A =b11l09a14...+bnl0gan. Then, under
the above notations, we have, A = 0 or

0g |A| > —C1(n)(Co + log B) max {1, g} Q.
(6)

- _/
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We begin by obtaining an upper bound for the
size of a solution of (1).
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Assume that ®,(x) = p™q. Then we have the
following upper bounds for m:

i) If hlogg > hlogp > |R|, then

m <4.56C(3)¢h2 |R| (Iog q)

5 (7)
x (1og(8C(3)¢h~ |R|) + loglog p).
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i) If hlogg > |R| > hlogp, then

/
log(2¢)

(8)
< log (80(3)£|R|3> |

m <4.56C(3)

h|R|? (log q)

2/
iii) If hlogp > hlogq > |R|, then

m <4.56C(3)¢h? |R| (109 q)

5 (9)
x (1og(4C(3)¢h~° |R|) + loglog q).
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iv) If hlogp > |R| > hloggq, then
m < 4.56C(3)¢h |R|? log(4C(3)¢h|R|?). (10)
v) If |R| > hlog max{p,q}, then

109(8C(3)¢|R|?)

m < 4.56C(3)¢|R/|> og ¢

(11)
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Lemma 2 yields that there exist two integers
X,Y such that

X—I—Y\/E_ ﬁ:I:m aj +1
o6 @) oo
with 0 < |Y/(X = Yv/D)| < 0.6296/x.
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Taking the h-th powers, we have

X+yvvD\" ,m\Er i\
5vp) =07 () #r oo

for some integer wu.
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Now the logarithmic form

A = ulog e + mlog (f) + <ﬂ>
™ n

14
— hlog X +YVvVD (14)
o X —-YVD
satisfies
2hY /D 1.2588h
0 <A < VD . (15)

<
X —-YVD x
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We can easily see that hlogp < A(w/7) < hlog p+
IR|, hlogq < A(77/n) < hlogq+ |R| and A(e) <
|R|.
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The case hlogq > hlogp > |R|.

In this case, A(7w/7) < hlogp+|R| < 2hlogp, A(n/n) <
hlogq+ |R| < 2hlogq and B < 2mlogp/logq.
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Moreover,
uA(e)  |uloge|  2m|R|

AGim) — 24Gm) = logg  ®

and

mA(7/7) _ m(logp +|R[) _ 2mlogp
A(n/n) log g ~ logq

(17)
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Matveev's theorem gives

log z — 109(1.2588h) < — log | A
< C(3)(2h)?

2mlog
x log < 00 q p) |R| (log p)(log q).

(18)
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Taking it into account that C(3) > 1019, we
may assume that (2mlogp)/logq > 1019, Now,
using h < ¢1/210g(4¢) (Faisant, 1991), we ob-
tain
2mlogp
l0g g

<4(2C(3) + 1)¢h?|R|

x log (272;)219) (logp) (19)

2mlo
=:U|og< ﬁgjp)
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Since 2C(3) +1 > 3.6 x 1019, we have

mlogp

l0g ¢
< 4.56C(3)¢h? |R| (log p)

x (log(8C(3)¢h? |R|) + log log p).

< 0.569U log U
(20)
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We can prove for other cases in similar ways.
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Outline of the proof
of the main result

Assume that ®,(x;) = p™iq has five solutions
0<mi; <mo <m3z< myg <msg.
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It is clear that z1 > max{ql/¢, 2}.

Since we have assumed that mi > O, 2Lemma
3A yields that z3 > max{q, 2¢}(¢+1)/6]7/¢,
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Now Lemma 4 yields that

mg > 0.3977mx3
(41762 |£D |2
> 0.3977 max {q 7 ,2{ 6 J (21)

= M.
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The case ¢ > 47.

With the aid of the upper bound |R| < ¢1/210g(4¢)
(Faisant, 1991), (7)-(11) implies that mg < M,
which contradicts to (21).

Hence, if £ > 47, then ®y(x) = p™q with m > 0
has at most four solutions.
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We must have z1 > 3 since 243 — 1 = 431 x
0719 x 2099863 has three distinct prime fac-
tors.

Thus we must have mg > 0.3977 max{¢*9/43,349}.
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However, (7)-(11) would yield that, if ¢ < 343,
then m < 4.7 x 101® < 0.3977 x 349 and, if
g > 343, then m < 2.8 x 1013(log ¢)(log log g +
32) < 0.3977q%9/43.

Hence, ®,(x) = p™q with m > 0 can never have
five solutions.
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The case ¢/ <41, x1: large.

If 1 > 3(¢ = 37,41),5(¢ = 29,31), 13(¢ =
23),68(¢/ = 19), 63(£ = 17), then mg exceeds
the upper bounds given in (7)-(11).

Hence, mg cannot exist.
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The case ¢/ <41, x1: small.

We checked all 21 such that (2§ —1)/(z1—1) =
p"g with p=¢g=1 (mod ¢) and m > 0.

In all cases, we have m < 1.3 x 1017, while p >
47,25 > p* > 10° and ms > 23 > 24 > 1024

Hence, mg cannot exist.
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For example, in the case ¢ = 23 (in this case,
we have h = 3 and R = wi), if z1 > 13, then
we must have msg > 0.3977 max{q16/23 1316},
which exceeds the upper bounds given in (7)-

(11).
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If 1 < 13, then we must have =1 = 2,3,5;
(1023-1)/9 is prime and (z23—1)/(z—1) with
r = 4,6,7,8,9,11 or 12 has more than two
distinct prime factors.
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If 27 = 2,3 or 5, then p,q < 332207361361
and m < 1.3 x 1017, But, in any case, we
have confirmed that z5 > p* > 10°. Hence, we
must have z3 > 23 > 102 and mg > z3 > 1024,
which is a contradiction.
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Further extension?
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A problem: determine all ¢,p,q such that (1)
has > 3 solutions.

(Finiteness follows from the abc-conjecture if
we limit £ > 5)
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