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e Z1E 2340 = 1 (mod 341) 72 341 = 11 x 31 IZ &R |
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N B a ZEE T 2R (pseudoprime): N BEHEE T ged(a, N) =1
£t eV =1 (mod N)

2 ZIEL T BEEH 341,561,645,1105, 1387, 1729, 1905, 2047 . .. (OEIS
A001567)
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37 /282


https://oeis.org/A001567
https://oeis.org/A001567

a=1 (mod N) B5iE eV =1 (mod N) 5. N BMEERE B BE
a ISHEMIFET S

38 /282




a=1 (mod N) B5iE eV =1 (mod N) 5. N BMEERE B BE
a ISHEMIFET S

—AT. BAGNEE e ICRL T, a— 1 OHHBDO LS HEBPLZDHOUND
BEHZROITZDIZHLL

Pomerance, 1981: 2 BAZFVE z UTD. 5X5NTE o IS T 38
EMOELIL 11 losloglog z/(2log log x) EhhEuy

39 /282




a=1 (mod N) B5iE eV =1 (mod N) 5. N BMEERE B BE
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a b N e2¥BEH>TONIE. ged(a, N) ZRHB LT N OF

BHREONBH5. Carmichael % oV 1 =1 (mod N) OFDE

FAX TREDERHDEDDDZDIE. N OB ZERDIFTZD LIFIFER

FICBLWEUVLR D (BARHEIZ Euclid DEREZ DD > T HE
HBEBICKRDHBNB)
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EE COrFa(0<a<N-1)%2&p] TH-oRD%ZE q; &HBLL
(@ &i=1,...,rli2VWT0<q <pj —1

(b) ged(a, N) =1 ald WTFhoD p; THEIDTNEW S F i I2DOWVWT
a; \& p; TEIDYINGWL

52 /282



EE COrFa(0<a<N-1)%2&p] TH-oRD%ZE q; &HBLL
(@ &i=1,...,rli2VWT0<q <pj —1

(b) ged(a, N) =1 ald WTFhoD p; THEIDTNEW S F i I2DOWVWT
a; \& p; TEIDYINGWL

©) 0<a;<pf—1,%3r# (ar1,...,a,) BRETNIE o« DEFD.
o, RS r-HHICIZERR D o DTS
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EE COrFa(0<a<N-1)%2&p] TH-oRD%ZE q; &HBLL

(@ &i=1,...,rli2VWT0<q <pj —1

() ged(a, N) =1 ald WIFhD p;, THEIDIFNEWL & & IDWT
a; 1 p; TEIDEINAL

©) 0<a;<pf—1,%3r# (ar1,...,a,) BRETNIE o« DEFD.
2. BH3 r-HICIEEL D o BRET S

(@) h'5. a; DETEELRIRIE pi ' (p; — 1) BOTHD. @) N5 a D
ATEEME I [, o (p — 1) BD
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FICO(N) S N-1TNHEH < o(N)=N -1
ET5IC. Fermat ONERL O —RBEEH D IID !

Fermat-Euler DEE
ged(a, N) =1 %51 o™ =1 (mod N)
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KEE1,2,..., N—1DEHT N LHICEREHEMEE 51, 59,
L. as; & N TEl-1=&bh% t, £b<L L

t, B NEYHIZET, 1<t; <N-1

ti=1; "5 as; = as; (mod N) &D s; =5; (mod N) DFD
Si:Sj

"’S%O(N) t
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tiH N EEICERT, 1<t;<N-1

ti=1; "5 as; = as; (mod N) &D s; =5; (mod N) DFD

S; :Sj
DS th,ta, .ty 11,2, N — 1 OBHT N LEICERERE 1
El-RoRar:
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REL2,...,N-1DBHNT N LEICEBEBEMRE s1,50,...,5,n) &
L. as; 2 N TEIofcRjRD%Z ¢, £HLK L
tiH N EEICERT, 1<t;<N-1
ti=1; "5 as; = as; (mod N) &D s; =5; (mod N) DFD
Si:Sj
DS th,ta, .ty 11,2, N — 1 OBHT N LEICERERE 1
El-RoRar:

&oT Hiti:Hisi &emh

a?W) Hsi = H(asi) = Hti = Hsi (mod N)

7
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REL2,...,N-1DBHNT N LEICEBEBEMRE s1,50,...,5,n) &
L. as; 2 N TEIofcRjRD%Z ¢, £HLK L
tiH N EEICERT, 1<t;<N-1
ti=1; "5 as; = as; (mod N) &D s; =5; (mod N) DFD
Si:Sj
DS th,ta, .ty 11,2, N — 1 OBHT N LEICERERE 1
El-RoRar:

&oT Hiti:Hisi &emh

a?W) Hsi = H(asi) = Hti = Hsi (mod N)

7

D& s 13 N CHEICEEDS [[;s ® N LEICEBDT
a¥™N) =1 (mod N)
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e pHERBOLE, p=2,e>3DEZFERVT AP =p*(p-1) &
Le>3DrEE A2 =22,d3

o —MRHNICIE N =[[[_, p" ICRHLTAN) 28 A\(p]') DR/NREHE
EE)
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T5IC. Carmichoel & A(N) ZRDESICEDH D

Carmichaoel %k
e pHERBOLE, p=2,e>3DEZFERVT AP =p*(p-1) &
Le>3DrEE A2 =22,d3
o —REHIICIE N =[], p% ISR LT A(N) 8 A(pT) DBRNAMEHE
EES)
CDrE Fermat DINEEBDO—MLE LT ged(a, N) =1 B5IE
aN) =1 (mod N) HEED LD
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T5IC. Carmichoel & A(N) ZRDESICEDH D

Carmichaoel %k
e pHERBOLE, p=2,e>3DEZFERVT AP =p*(p-1) &
Le>3DrEE A2 =22,d3
o —REHIICIE N =[], p% ISR LT A(N) 8 A(pT) DBRNAMEHE
EES)
CDrE Fermat DINEEBDO—MLE LT ged(a, N) =1 B5IE
aN) =1 (mod N) HEED LD

i, PIRO NAER < A(N)=N -1
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T5IC. Carmichoel & A(N) ZRDESICEDH D

Carmichaoel %k
e pHERBOLE, p=2,e>3DEZFERVT AP =p*(p-1) &
Le>3DrEE A2 =22,d3
o —REHIICIE N =[], p% ISR LT A(N) 8 A(pT) DBRNAMEHE
EES)
CDrE Fermat DINEEBDO—MLE LT ged(a, N) =1 B5IE
aN) =1 (mod N) D IID

i, PIRO NAER < A(N)=N -1

%B?é, HICEELI-561 DFloLSIC. &ilcxL T,
') =1 (mod p§*) (p; HEED X Fid Euler DEEBHN ST <ICH
h3. pi =2 D FIXELRBE)
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T5IC. Carmichoel & A(N) ZRDESICEDH D

o pHBRBODEE, p=2,e>3DEIERVTADPY) =p*I(p-1) &
Le>3DrEE A2 =22,d3
o —RREGICIE N = []/_, p¥ ISR LT A(N) Z& A7) ORNAEHK L
3
CDrE Fermat O/NEEBDO—MILE LT ged(a, N) =1 B 51E
aN) =1 (mod N) D IID

i, PIRO NAER < A(N)=N -1

KEE. FICERLE 561 DHIDLSIC. i XL T,

a*®) =1 (mod pf') (p; HNERD L Fd Euler DEEH 53 < I
D3, p =2 QLFFEBEE) 7255 o)) =1 (mod p§*) B i
ISR LTHEDIDDT, #&8 o) =1 (mod N) HEEDILD
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AN) BN — 1 ORI SIE, FICEELT- 561 OFIEEKICL T,
ged(a, N) =1 8% a lICHLTIE oV~ =1 (mod N) BDHRICHK D IL
5. N & Carmichael e 43 Zehbhh 3 !
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https://oeis.org/A002997

AN) BN — 1 ORI SIE, FICEELT- 561 OFIEEKICL T,
ged(a, N) =1 8% a lICHLTIE oV~ =1 (mod N) BDHRICHK D IL
5. N & Carmichael e 43 Zehbhh 3 !

EOHBED Carmichael & 561, 1105, 1729, 2465, 2821, 6601, . . .
OEIS A002997
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N>2 2 A\N) BEICELZSIE N EFFBTEARFZHEEV. Fp

KN OERRBOEE N IEap + 1 OFEOERHZH 4L

(@ ND2EDOAREIRMEBHASIE 4 FREFFRHBTHDOYIN, \(N) BE
S QA

(b) N b p? TEIDEINB L A(N) I&p TEIDYINBZDT N & A(N) ld&
HIZ p TRDOYINDB

©) pap+ 1 DBEBICEHMT N DB p,ap+1 TEDODYINBZ L A\(NV) I
(ap+1) —1=ap TEIDYNBZIHS. N & AN)IFEHIZp THD
TNz
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N>2 2 A\N) BEICELZSIE N EFFBTEARFZHEEV. Fp

KN OERRBOEE N IEap + 1 OFEOERHZH 4L

(@ ND2EDOAREIRMEBHASIE 4 FREFFRHBTHDOYIN, \(N) BE
5 QA

(b) N b p? TEIDEINB L A(N) I&p TEIDYINBZDT N & A(N) ld&
HIZp TEDOYINB

©) pap+ 1 DBEBICEHMT N DB p,ap+1 TEDODYINBZ L A\(NV) I
(ap+1) —1=ap TEIDYNBZIHS. N & AN)IFEHIZp THD
TNz

& o T, Carmichoel #bHFHTFEFRFZHRT. £l p. ap+1 DL
BHICEHL51E Carmichael #idk. p, ap + 1 TREHIZE D IR0
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Adleman, Pomerance, and Granville, 1994

cHAREVEE 2 UTOBE N T AN) BN — 1 ORBEBBES5BD
D (FprsH b Carmichael Hr%3) OEKIE 227 KDAEV (2/7
& 5(1—1/(2v€))/12 = 0.290306 - - - & DNEHREBEDEICELLATEE
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Adleman, Pomerance, and Granville, 1994

cHAREVEE 2 UTOBE N T AN) BN — 1 ORBEBBES5BD
D (FprsH b Carmichael Hr%3) OEKIE 227 KDAEV (2/7
& 5(1—1/(2v€))/12 = 0.290306 - - - & DNEHREBEDEICELLATEE

—7%. Carmichael BIZZ#H LD H T PRV eHHMENTWS

Pomerance, 1981

r BRZFVEF 2 BUTD Carmichael D ESIE 11 losloglogz/logloge &
D/hEL
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rTB T
AN) 1 o(N) DB TH B Tk N BEREED o(N) BN — 1
DU BB LBBHZD? (bBERAZDHEAN) D N — 1 0K
#=H5 N & Carmichoel # e 4 3)
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rTB T
AN) 1 o(N) DB TH B Tk N BEREED o(N) BN — 1
DU BB LBBHZD? (bBERAZDHEAN) D N — 1 0K
#=H5 N & Carmichoel # e 4 3)

ZFDELSBERBIIFELBEVETFEEINTWLS (Lehmer, 1932)
M RERREINATULAEW (Bd) !
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Miller-Rabin test
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Miller-Rabin test

Fermat O/NEEICEET 3 EEN 5. ROMEHEL S

Carmichael Bz 8B RIE3ICIFES TIEE VWA ?

76 /282



Miller-Rabin test

Fermat O/NEEICEET 3 EEN 5. ROMEHEL S

Carmichael Bz 8B RIE3ICIFES TIEE VWA ?

ZCZ T, Fermat o/hNEBZDLERLIEERK L. RIEDEOERERZRK
USETLESERBICOVWTE RS
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Fermat O/NEEHN 5. RO eHbh B!

Proposition
N—-1=2tB3BEs >0 HF Rt =D
N DFRHT o ' N TROYNGITNE. ROEBESHDEDILD:
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Fermat O/NEEHN 5. RO eHbh B!

Proposition

N-1=2tB3BHs >0 cHHt=2Ld

N H'EHT o B N TEIDYINAITFIIE. ROLESHHREDILD:
(@) a® =1 (mod N),

(0) a®* = —1 (mod N) t 43 k HEET 3
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Fermat O/NEEHN 5. RO eHbh B!

Proposition
N—-1=2tB3BEs >0 HF Rt =D
N DFRHT o ' N TROYNGITNE. ROEBESHDEDILD:

(@) a® =1 (mod N),
(0) a®* = —1 (mod N) t 43 k HEET 3

FHE 02t =1 (mod N) THBH'5 a2 =1 (mod N) L H3RNDEHK
(>0hrh3

(=0DCE Q) DHDIBE. (>0DEF k=/(—-1IZ2WVWT (b) HB’EED
iID
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N =561 QL&
2110 = 67 (mod 561),2%% =1 (mod 561)

BODT, (@), ) DVWITNHEDILIHEWL. TDILIF 561 HERBTH
B3R LTVS (FIER

210 =1 (mod 3),2'° =1 (mod 11),2"° = 2! = 16 (mod 17)

MSFHETHEIDEND)
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N =561 QL&
2110 = 67 (mod 561),2%% =1 (mod 561)

BDOT, (@), ) owsFhbpbirf=aL. CDZLiL 561 "EMETH
32rERLTVWS (Rl

2M0 =1 (mod 3),2"° =1 (mod 11),2™° = 2* = 16 (mod 17)

MSFHETHEIDEND)

2FD. 561 [FEHEL Fermat DNWEERDERRIZTOIHRITTLESH
() TERBTHBehhbh>TLES
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N =561 QL&
2110 = 67 (mod 561),2%% =1 (mod 561)

BDOT, (@), ) owsFhbpbirf=aL. CDZLiL 561 "EMETH
32rERLTVWS (Rl

2M0 =1 (mod 3),2"° =1 (mod 11),2™° = 2* = 16 (mod 17)

MSFHETHEIDEND)

2FD. 561 [FEHEL Fermat DNWEERDERRIZTOIHRITTLESH
() TERBTHBehhbh>TLES

(@, ) ODWIFNHED LBV o I N BDERBTH S Z EDEEA
(withess) Wz 3
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BEBHS N HAEHET ged(a, N) = 1 7258 (@), (D) DWFHHHED
UoTLESBRIREET S
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BEBHS N HAEHET ged(a, N) = 1 7258 (@), (D) DWFHHHED
UoTLESBRIREET S

mHBBEHEDLEF 2" —1=0 (modm) THE3H5 2" —1=dn &
<k
92" =1 = gdm = (9m)d = | (mod 2 — 1)

D N=2"—-1,a=2ICFLT (@) BHDILD
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BEBHS N HAEHET ged(a, N) = 1 7258 (@), (D) DWFHHHED
UoTLESBRIREET S

mHBBEHEDLEF 2" —1=0 (modm) THE3H5 2" —1=dn &
<k

92" =1 = gdm = (9m)d = | (mod 2 — 1)
SO N=2"—-1,a=2ICLT (Q) BEEDILD
LHL. m BEHTH 2™ - 1 HERBOBEENH S
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e ZIEm =11 DL F 2047 = 23 x 89,2047 — 1 = 2 x 1023 THBH.
21023 — (211)93 =1 (mod 2047) £ %3
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https://oeis.org/A001262

e ZIEm =11 DL F 2047 = 23 x 89,2047 — 1 = 2 x 1023 THBH.
21023 — (211)93 =1 (mod 2047) £ %3

TLhHW 31028 = 1565 (mod 2047) (ZhiE 3198 =311 =1 (mod 23) &
T 31023 = 35 = _311 = 52 (mod 89) HMSFHETHEIDSNB) 12H
5 3H 2047 BERBTHB L DAL D
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https://oeis.org/A001262

e ZIEm =11 DL F 2047 = 23 x 89,2047 — 1 = 2 x 1023 THBH.
21023 — (211)93 =1 (mod 2047) £ %3

TLhHW 31028 = 1565 (mod 2047) (ZhiE 3198 =311 =1 (mod 23) &
KT 3102 = 3% = 311 =52 (mod 89) hSFHETELIOHSNB) 12H
5 3H 2047 BERBTHB L DAL D

N BERE 12D (@), ©) DVWITNHDEDI>TLESHEE. NZa%
KL ¢ 3EEHRY (strong pseudoprime) & LV5
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https://oeis.org/A001262

e ZIEm =11 DL F 2047 = 23 x 89,2047 — 1 = 2 x 1023 THBH.
21023 — (211)93 =1 (mod 2047) £ %3

TLhHW 31028 = 1565 (mod 2047) (ZhiE 3198 =311 =1 (mod 23) &
KT 3102 = 3% = 311 =52 (mod 89) hSFHETELIOHSNB) 12H
5 3H 2047 BERBTHB L DAL D

N BERE 12D (@), ©) DVWITNHDEDI>TLESHEE. NZa%
KL ¢ 3EEHRY (strong pseudoprime) & LV5

2 ZIE L T 2ERE 2047, 3277,4033, 4681, 8321, ... (OEIS A001262) |
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https://oeis.org/A001262

561 DFIHSEAIFSIND LS. Bl Fermat O/NEB%* EEAV S5
E5&DbH. BHEBERRELYILCARS

Rabin, 1980

N D AREESIEL2,...,N - | OBEHT, N LEICELERDOS 505
t 3/4 BEALLES
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561 DFIHSEAIFSIND LS. Bl Fermat O/NEB%* EEAV S5
E5&bbH. EEBERRELY IR

Rabin, 1980

N D AREESIEL2,...,N - | OBEHT, N LEICELERDOS 505
t 3/4 BEALLES

&Ko T N BEREKLH ged(a, N) =1 L BB ITRTDEa=1,2,...,
N -1 IZDOWTHEEBERRE R VWS ZeidieEd. T5I1C
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561 DFIHSEAIFSIND LS. Bl Fermat O/NEB%* EEAV S5
E5&bbH. EEBERRELY IR

Rabin, 1980

N DEREE5IE1,2,...,N -1 DAL T. N LEICRERDS B50%5<
rH 3/4 IEEANERSD

&Ko T N BEREKLH ged(a, N) =1 L BB ITRTDEa=1,2,...,
N -1 IZDOWTHEEBERRE R VWS ZeidieEd. T5I1C

Burthe, 1997
N DEREESIE N/ 6Vetol) L h/NEWIEADEFET S

L7ehto T, NVOVe+o) £ DINSVEEADEET 3D ESHEN DS T
CTREDESDELOSNS
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=D

HAD k ERBBRNDEFRHBE N, B

Table: Ny (OEIS A006945, OEIS A089825)

k Ny k Ny,

2 9 15 3034679039109989281

3 2047 17 3474749660383

) 1373653 19 4498414682539051

6 134670080641 22 16043083915816662841

7 25326001 23 341550071728321

10 307768373641 37 3825123056546413051

11 3215031751 41 318665857834031151167461

12 | 1502401849747176241 || 43 3317044064679887385961981
13 2152302898747 47 | <6003094289670105800312596501
14 1478868544880821 53 | <59276361075595573263446330101
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https://oeis.org/A006945
https://oeis.org/A089825

LHhLl. BEBRCLICEDESBER K 2>TH, 2,3,..., K DWW
NOEICOVWTHRBERE BRI ERBIERICEFEETS !

Adleman, Granville, Pomerance, 1994
X DB+ REFVEE X UTOEEE N T, /NDFEEAD
(log N)1/@Blogloglog N) £ h A FHHDHDH L X1/ (35logloglos X) gz45

EXG)
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LHhLl. BEBRCLICEDESBER K 2>TH, 2,3,..., K DWW
NOEICOVWTHRBERE BRI ERBIERICEFEETS !

Adleman, Granville, Pomerance, 1994

X DB+ REFVEE X UTOEEE N T, /NDFEEAD

(log N)V/(Blogloglos N) k h k FhHbDHDEL LH X1/ (35logloglos X) goz5
EXS)

—7A. iR — I O FEHELITIE. BT HEBRINSBIEEADEFET S
LHF5ENTVS

Miller, 1976 (see also Bach, 1985)
AR — I FEAELVEE N HERBAESIE 2log” N & D/NEHEE
ADEET D

&oT, MRV —IFRMNELVESIE 2log N U TFOBDOHICZEAD
BETBNESHENDBZLICED loghtV) N U TOBHMTERTH S
MESHDHEDRTREL BB
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o N DBERHBDIZE. N LEICEBHIRTICOWVT (a)b) 29 bk
I73 C LT ATRE

o —7. (log N)!/(Blogloglog N) Iy R FATICDOWVT (a)(b) #FH
RITTLESBISEBRICTEET S

o HRERU —TUFREAELITNIE 210g’ N KON BEENTERKT
HBZhbhoTLES

o Ffev 1HB N -1 FTTIVRLISBAREICOWVT (a)(b) ZFE
PHBEVWSEEZ L E#EDIEL T, 8BRE N BEhSOHIEZTA
Tk BREERIZ 1/4F UFrHBZeHTES

o COFRIBICE DI ZHHEZE Miller-Rabin #IEZEL WS
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Giuga's conjecture
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Giuga's conjecture

N HBEHD & EF Fermat O/NEED S
VLoVl (N 1DV 1 =0 (mod N) 4]

HRE D IID
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Giuga's conjecture

N DEHD £ ZF Fermat D/NEEBH S

VLoVl (N 1DV 4 1 =0 (mod N) M

MDD
Giuga, 1950

COERADVHOILDEMBUIFET 5D ? (FELBVLEFA)
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N DEREBT. COBRRAMPHEDIIDZLIE N OITRTORERI p I2D
WTpp-1)» 8 —1 28043 L LFEfE
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https://oeis.org/A007850

N DEREBT. COBRRAMPHEDIIDZLIE N OITRTORERI p I2D
WTpp-1)» 8 —1 28043 L LFEfE

N DITRTOER#E p I2OWT pH % — 1 ZF D3 %Z Ciugo K
(A%s)

Giuga #: 30,858, 1722, 66198, . .. (OEIS A007850)

FHOD Guga BIIFELBRVWEFERINTVBH. KER
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https://oeis.org/A007850

BH. 2FD 3 DIFFAE
e N H Giuga #
o 1°(N) L oe(N) ... (N — 1)90(N) = —1 (mod N)
¢ Eijgi_IlmNgibqgﬁz
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7.

IC& DEF B Seki-Bernoulli 8t B,,, Ic2WT

Agoh, 1995
&R (1) BEDIID < NBy_ 1 = —1 (mod N)
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N BERET. 8RR (1) BEDIID < N B Giuga T, D N DT
RNTOERE p IOV Tp—1H % —1%8b§3

p- 1B Y 1 EEDYBILBp - 1A N 1=p (¥ 1)+ (1)
£8DY13 L LABRDT

N HERET. AN (1) BEDIID & N B Giuga #h >
Carmichaoel #
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CCH5. NHERET. AER () BWDII>HS5IE
o N IFHTEAEAFZHT. p BN OREAHBLSIEN Fap+1D
AVEAFSE: RSy kAN A

°§:MN%:>1
Hh s
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CCh5. NDER#ET. 8EK (1) BEDI>H51F
o N IIFHTESRFZH/T. pH N OZXEEAHESIEN Eap+1D
FEORAHZH =L
°2%N%>1
Hh s

Benocchi, 1985 % Borwein, Maitland, and Skerritt 2013 13 Z D %4
BEDIIDERBDNEZ— %A, ROBERICEST-

Borwein, Maitland, and Skerritt 2013
N DEp#<T. 8K (1) BEDILDESIE N 3DHELeH 4771 BDE
H#HEHE. N > 101997
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AKS test

FISHEART= K SIS FHHIEIE log® N LUIAICHTHEE
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Agrawal, Kayal, and Saxena, 2002-2004

N>2,r%Zg>0,N9=1 (modr) B5IE g > (logN/log2)? t&3 &>
ICED NI \/o(r)log N/log2 U FTOREHKZH-HBWVWETDS
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Agrawal, Kayal, and Saxena, 2002-2004

N>2,r%Zg>0,N9=1 (modr) B5IE g > (logN/log2)? t&3 &>
ICED NI \/o(r)log N/log2 U FTOREHKZH-HBWVWETDS

CDEENDPEH S 0<a<\/o(r)logN/log2 BB TRTDE R a
IZ2WT
(z+a)N =2V +a (mod (z" —1,N)) )

MDD (ERAKIE. ZIEXZ 2" — 1 TE-T. THICHEEZE N TElo
TeRD =BT B)
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Agrawal, Kayal, and Saxena, 2002-2004

N>2,r%Zg>0,NI=1 (modr) B5IE g > (logN/log2)? &3 &5
ICED N IE Jo(r)log N/log2 ATOZRA#HZH-HWVWE TS
CDEENDPEH S 0<a<\/o(r)logN/log2 BB TRTDE R a
IC2WVWT

(z+a)N =2V +a (mod (z" —1,N)) )

MDD (ERAKIE. ZIEXZ 2" — 1 TE-T. THICHEEZE N TElo
TeRD =BT B)

ERDOLS%H r ELTHBHNESBRDHOHPENZZEHMSNTED. C
DFHEICE D FHHEI log® N IRICFIEETH S C LIRS N !
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ECT. ROBEIEL S

@) BRDIDE S WIS HER o LARE N BEDESBHONEET
B0 ? (BRICHETEZRRALRVTEELRVESE. ) OF0A
Fat% 1 DREL. BHOAERET 371 CRRUENTE3)
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ECT. ROBEIEL S

Q) DBEOIDESBNESHER o LEFRB N BEDELSBHODEFET
30 ? (BBICHRETEIARHANZIRVTEELRZVESIE, (2) OFE0E
Bz 1 DIREEL. FHGIZRET BT TERBHENTEB)

¥ #8 (Agrawal, Kayal, and Saxena, 2002-2004)

r N ZEDYISBVERET

(z—1)YN =2V — 1 (mod (z" — 1, N))

B5IE N IZRED. FIE N2 =1 (mod 1)

SOFEANELIFIE. NN — 1)(N +1) 2205 HVER r 2L,
1 DEARERIT BRI TRBUENTEZCLICHS
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ECT. ROBEIEL S

Q) DBEOIDESBNESHER o LEFRB N BEDELSBHODEFET
30 ? (BBICHRETEIARHANZIRVTEELRZVESIE, (2) OFE0E
Rz 1 DIREEL. FHHAIZIRET BT THREHENTEB)

¥ #8 (Agrawal, Kayal, and Saxena, 2002-2004)

r BN ZBIDYISHVEHT
(z—1)YN =2V — 1 (mod (z" — 1, N))

B5IE N IZRED. FIE N2 =1 (mod 1)

SOFEANELIFIE. NN — 1)(N +1) 2205 HVER r 2L,
1 DEARERIT BRI TRBUENTEZCLICHS

Lenstra and Pomerance, 2003 IEC D FiEEBD EEZTWBH., W E
FPRRENTULARW
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—h. ChICRDBFHERLT
¥48 (Popovych, 2008)

r BN ZBIDYISBEVEHT
-1V =2V -1,(z+2)Y =2V +2 (mod (2" — 1, N))

B5IE N IZRED. £IE N2 =1 (mod )

SHAELIFHE. NN — 1)(N +1) 2805 H0ESR r 2L 0, 2D
SARERDDNSERLEN TS ZLICHB)
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Lehmer's conjecture
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Lehmer's conjecture

Tk N BERBIEN o(N) BN — 1 ORREBBidHZH ?
F#18 (Lehmer, 1932)

o(N) AN — 1 £EIDYIB L E N REKTHFNEES BV
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w(N) % N OHEL3ZRROERL T3
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w(N) % N OHEL3ZRROERL T3

N BEBRBT o(N) BN — 1 2EDYZ L=
() N I3&F#

(b) N BEARFEBRAEL
© w(N)=>7
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w(N) % N OHEL3ZRROERL T3

N DEEET o(N) BN —1 2803 s
(@) N I35

(b) N FFEARFZHRRHRL

© w(N)>7

R, COBEAN) DB N -1 2EDEBZDT. A(N) & N BEICRED
5 (a)(b) BT < IThhB
©) Ik N DREBDO/N2—>h S EBNERICTENS
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EDEDEE |
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EDEDOERE |

Cohen and Hagis, 1980: w(N) > 14, N > 10%°
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EDEDOERE |

Cohen and Hagis, 1980: w(N) > 14, N > 10%°
Renze’s notebook: w(N) > 15, N > 10%
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FDEOEE |

Cohen and Hagis, 1980: w(N) > 14, N > 10%°
Renze’s notebook: w(N) > 15, N > 10%
Pinch, research page: N > 10%°
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FDEOEE |

Cohen and Hagis, 1980: w(N) > 14, N > 10%°
Renze’s notebook: w(N) > 15, N > 10%
Pinch, research page: N > 10%°
THICV(z)Z o(N) BN -1 ZE8IDYIZEHRB N <z DEHEITB L
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ZDROER
Cohen and Hagis, 1980: w(N) > 14, N > 10%°
Renze’s notebook: w(N) > 15, N > 10%
Pinch, research page: N > 10%°
THICV(z)Z o(N) BN -1 ZE8IDYIZEHRB N <z DEHEITB L
Pomerance, 1977: V(z) = O(x/?1og’/* ),
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ZDROER
Cohen and Hagis, 1980: w(N) > 14, N > 10%°
Renze’s notebook: w(N) > 15, N > 10%
Pinch, research page: N > 10%°
THICV(z)Z o(N) BN -1 ZE8IDYIZEHRB N <z DEHEITB L
Pomerance, 1977: V(z) = O(z/?1og®* ), E5IC w(N) < r &5
IEN <r?
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ZFDEROERE
Cohen and Hagis, 1980: w(N) > 14, N > 10%°
Renze’s notebook: w(N) > 15, N > 10%
Pinch, research page: N > 10%°
THICV(z)Z o(N) BN -1 ZE8IDYIZEHRB N <z DEHEITB L
Pomerance, 1977: V(z) = O(z/?1og®* ), E5IC w(N) < r &5
IEN <r?
Luca and Pomerance, 2011: V(z) < z!/2log~1/2+°() 4
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ZFDEROERE
Cohen and Hagis, 1980: w(N) > 14, N > 10%°
Renze’s notebook: w(N) > 15, N > 10%
Pinch, research page: N > 10%°
THICV(z)Z o(N) BN -1 ZE8IDYIZEHRB N <z DEHEITB L
Pomerance, 1977: V(z) = O(z/?1og®* ), E5IC w(N) < r &5
IEN <r?
Luca and Pomerance, 2011: V(z) < z!/2log~1/2+°() 4
Burek and Zmija, 2016: w(N) < r &51E N < 22" — 227"

129 /282



o(N) BN — 1 28D I3 ARBAEET 3 E S HEH SN TRV,
PRBFVRHEEZB L
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https://oeis.org/A173703
https://oeis.org/A173703

o(N) D' N — 1 ZEID I3 ERBHEET DL S DRI SN TLALD,
PRFVRGEEZD
©(561) = 2 = 320 & 560° ZE|D )3

o(N) Bt (N —1)2 28D )3 N: 561,1105,1729,2465, ... (OEIS
A173703).
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https://oeis.org/A173703

N B k-Lehmer: N BERET o(N) b (N — 1)k 2803
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N B k-Lehmer: N BERET o(N) b (N — 1)k 2803

& EICHL o UTD k-Lehmer 8 N OB O (21— 1/ (k1)
e 2 UTOBB N THS EICDWT o(N) B (N - 1)k #8|bi)3 %
DDEEISE z exp(—(1 + o(1)) log z log log log x/ log log x).
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N B k-Lehmer: N BERET o(N) b (N — 1)k 2803

McNew, 2013

& EICHL o UTD k-Lehmer 8 N OB O (21— 1/ (k1)
e 2 UTOBB N THS EICDWT o(N) B (N - 1)k #8|bi)3 %
DDEEISE z exp(—(1 + o(1)) log z log log log x/ log log x).

|

McNew and Wright, 2016
k>30DrE z UTOEBM N T (k— 1)-Lehmer THWA k-Lehmer T
H3HONDHRLLH o/ kD) BT B

(COFERICIFFHBRBD /N —VICE T 3IEREICFEBADH# L LVERD
AuwshTW3)
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N B k-Lehmer: N BERET o(N) b (N — 1)k 2803

McNew, 2013

& EICHL o UTD k-Lehmer 8 N OB O (21— 1/ (k1)
e 2 UTOBB N THS EICDWT o(N) B (N - 1)k #8|bi)3 %
DDEEISE z exp(—(1 + o(1)) log z log log log x/ log log x).

|

McNew and Wright, 2016
k>30DrE z UTOEBM N T (k— 1)-Lehmer THWA k-Lehmer T
H3HONDHRLLH o/ kD) BT B

(COFERICIFFHBRBD /N —VICE T 3IEREICFEBADH# L LVERD
AuwshTW3)

2-Lehmer 8 o(N) ¥ (N — 1)2 ZEIDYIZEWEB N HERICS S FET
SMEREER
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T5IC. Lehmer O&EFISEDIT3Z8IXTEED?
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T5IC. Lehmer O&EFISEDIT3Z8IXTEED?

Almost Lehmer numbers (Yamada, submitted)

(@) N ¥ 1-nearly Lehmer: N B"El#IT N — 1 OH3FRAH ( zch
IE o(N) & (N — 1) ZEIDE]3

(b) N ¥ almost Lehmer: N B"E#8T N — 1 OH 3 FLERFzH %
WHIE (el o(N) I 4N - 1) ZEIDE13

137 /282



T5IC. Lehmer O&EFISEDIT3Z8IXTEED?

Almost Lehmer numbers (Yaomada, submitted)

(@) N ¥ 1-nearly Lehmer: N B"El#IT N — 1 OH3FRAH ( zch
IE o(N) I3 (N — 1) 8IDE]3

(b) N B almost Lehmer: N B'E&B#ET N — 1 DHBZ3FHRFEDR
WHIE (el o(N) I 4N - 1) ZEIDE13

7z ZIE. Ramanujon ORI —# 1729 = 7 x 13 x 19 IZ2W T,
©(1729) = 6 x 12 x 18 = 1296 = 1728 x (3/4) & 1728 IFEID ISR LA
3 x 1728 ZE|D B DT 1729 IE 1-nearly Lehmer
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1-nearly Lehmer # o #] (OEIS A338998)
1729, 12801, 5079361, 34479361, 3069196417, ...
22 UTFDOHDIFZD 5 2FE1FLHAEW (Carmichael #idk 1729 &

3069196417 D &)

Almost Lehmer # oD%l (OEIS A337316)

1729, 12801, 247105, 1224721, 2704801, 5079361, 8355841, . .
22 UTFTDHDIE 38 @BHBZ (FDS5 14 @A Carmichael £1)
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Theorem (Yamada, submitted)
z WLTF®D 1-nearly Lenmer B E$IE

O((zlog :1:)2/3 (log log m)8/3)

&DIMEL 2 LITFD almost Lehmer o E#k I
2475 exp ((%l i 0(1)> log x log log log:r)

loglog x

EDHIHhEW
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T(s): s =518 -8, 1 <51 <89 < -5, ODWICBBMOBALSET DS
EQBRH (r(s) DIEIE OEIS A001055 %BB)
FERIE s =pipl DEEF. RODEDS 7(s) =9 LMD

141 /282


https://oeis.org/A001055

T(s): s =518 -8, 1 <51 <89 < -5, ODWICBBMOBALSET DS
EQBRH (r(s) DIEIE OEIS A001055 %BB)

FERIE s =pipl DEEF. RODEDS 7(s) =9 LMD
{pin},
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T(s): s =518 -8, 1 <51 <89 < -5, ODWICBBMOBALSET DS
EQBRH (r(s) DIEIE OEIS A001055 %BB)

e ziE s =pPpl DL E. RODEHS 7(s) =9 LhhB
(i3} {pip2, P2},
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T(s): s =518 -8, 1 <51 <89 < -5, ODWICBBMOBALSET DS
EQBRH (r(s) DIEIE OEIS A001055 %BB)

FERIE s =pipl DEEF. RODEDS 7(s) =9 LMD
{pip3}. {pip2, p2} {p1p3, 1},
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T(s): s =518 -8, 1 <51 <89 < -5, ODWICBBMOBALSET DS
EQBRH (r(s) DIEIE OEIS A001055 %BB)

FERIE s =pipl DEEF. RODEDS 7(s) =9 LMD
{pip3}, {pip2, P2}, {P103. D1}, {01, D3},
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T(s): s =518 -8, 1 <51 <89 < -5, ODWICBBMOBALSET DS
EQBRH (r(s) DIEIE OEIS A001055 %BB)

FERIE s =pipl DEEF. RODEDS 7(s) =9 LMD
{p3p3}. {p3p2, po}. {p1p3, 1}, {p?. 3}, {P?, p2, 02},
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T(s): s =518 -8, 1 <51 <89 < -5, ODWICBBMOBALSET DS
EQBRH (r(s) DIEIE OEIS A001055 %BB)

FERIE s =pipl DEEF. RODEDS 7(s) =9 LMD
{p33}. {p3p2, p2}. {3, ;1 }. {p?, P2}, {P?, P2, p2}. {P3,p1,p1}.
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T(s): s =518 -8, 1 <51 <89 < -5, ODWICBBMOBALSET DS
EQBRH (r(s) DIEIE OEIS A001055 %BB)

FERIE s =pipl DEEF. RODEDS 7(s) =9 LMD
{p33}. {p3p2, p2}. {3, ;1 }. {p?, P2}, {P?, P2, p2}. {P3,p1,p1}.
{p1p2, P1p2}.
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https://oeis.org/A001055

T(s): s =s5180- 8., 1 <81 <859< -5, DRICEBOBANCRRT DA
EORB (7(s) DB OEIS A001055 % BH8)

FERIE s =pipl DEEF. RODEDS 7(s) =9 LMD
{pip3}. {pip2. 2} {p103.p1}. {1, 03}, {p}.p2. 2}, {P}. 1, p1}.
{p1p2, p1p2}. {pP1p2, D1, P2},
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T(s): s =s5180- 8., 1 <81 <859< -5, DRICEBOBANCRRT DA
EORB (7(s) DB OEIS A001055 % BH8)

FERIE s =pipl DEEF. RODEDS 7(s) =9 LMD
{p%p%}' {p%p27p2}' {plpgapl}' {p%p%}' {p%7p27p2}' {p%7p17p1}1
{p1p2, P12}, {P1p2,p1, P2}, {P1,P1, P2, P2}
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Erdds, Granville, Pomerance, and Spiro, 1990, (3.1)
FEDEDEH s & 2> 3IcD2WT

1 log1
Z _<clogogx

S
g<z,q=1 (mod s)

CRBMEHER (5,2 IC&BBWV) ¢ DEETS
gl g<z,g=1 (mod s) LRZEHLEHEH;H<

3
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Erdds, Granville, Pomerance, and Spiro, 1990, (3.1)
FEDEDEH s & 2> 312D2WVWT

1 log 1
Z 1_a og; ogx @)
g<z,q=1 (mod s)

ERDEHER (5,2 ICEBRWV) ¢ BEETS
gl g<z,g=1 (mod s) LRZEHLEHEH;H<

chZzdbriclT

Lemma 1
T UTFOEE N T o(N) s TEDOHTI3H0DEHKG

7(s)z(c; loglog z)$4) @

S

EDIPEL (¢ (FHEELR)
Hbhh 3
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Oppenheim, 1927

T —>o00DEEF

&)

2Vlogz
ZT(S) _ (1+ 0(1))$3e4
o 2/ log®/* &
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Oppenheim, 1927
r—=o00oDEE

1+ o(l))er‘/@
ZT(S) T 2 mlogdty

s<z

&)

D> T

Lemma 2
T =00 DL

©)

3 7(s) _ (L+o(1))e*Vioee log'/*z
s 2/

Hbhh 3
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7(s) Bkl s100) FTAEKBRBIEHDBB
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https://oeis.org/A033833

7(s) BiklE s FTAELRBZILHHBS

Canfield, Erdds, and Pomerance, 1983

Highly factorable %%k s (OEIS A033833) Ic2WT
7(s) = sexp(—(1 + o(1)) log slogloglog s/ log log s)
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T

o Ui(x): z LTF®D 1-nearly Lehmer D EZK

o Uyx(z): z ALTF®D almost Lehmer D {EZK

o S(s;z): x ALFDEE n T p(n) B s TEIDYINSMDEE
&<
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T

o Ui(x): z LTF®D 1-nearly Lehmer D EZK

o Uyx(z): z ALTF®D almost Lehmer D {EZK

o S(s;z): x ALFDEE n T p(n) B s TEIDYINSMDEE
&<

Lemma 1 55

S(s;x) < 7(s)a(c1 loglog z)*¢)

S
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v THORELREY
N: 1-nearly Lehmer & % L& almost Lehmer
3L (N—-1)/p(N)=k/l,ged(k,0) =1 eHS5DOLILE
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. THRREBREY
N: 1-nearly Lehmer & % L& almost Lehmer

3L (N—-1)/p(N)=k/l,ged(k,0) =1 eHS5DOLILE
CIEN -1 DHBTFEARFZHRT. I5IC N B 1-nearly
Lehmer OIFEIEREK
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. THRREBREY
N: 1-nearly Lehmer & % L& almost Lehmer

3L (N—-1)/p(N)=k/l,ged(k,0) =1 eHS5DOLILE
CIEN -1 DHBTFEARFZHRT. I5IC N B 1-nearly
Lehmer OIFEIEREK

o N BEBRET. ged(p(N),N) =1%BDT N FFBTEFARF 2D
BV EICni-esD
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N=md &< N BFELFERFZHHLDT
lmd —1) = kp(N) = ko(m)p(d) £RB3D5
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N=md &< N BFELFERFZHHLDT
lmd —1) = kp(N) = ko(m)p(d) £RB3D5

md =1 <m0d éod)> o = ged(4, o(d)) @)
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N=md &< N BFELFERFZHHLDT
lmd —1) = kp(N) = ko(m)p(d) £RB3D5

md =1 <m0d éod)> o = ged(4, o(d)) @)

bo[ L] (N —1)
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N=md &< N BFELFERFZHHLDT
lmd —1) = kp(N) = ko(m)p(d) £RB3D5

md =1 <m0d éod)> o = ged(4, o(d)) @)

o | 0] (N =1) 1205 o(d)/lo, bo EBIZ N — 1 =md — 1 D¥IHK
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N=md &< N BFELFERFZHHLDT
lmd —1) = kp(N) = ko(m)p(d) £RB3D5

md =1 <m0d éd)> o = ged(4, o(d)) )
0

lo | L] (N =1)T2D5 p(d) /Lo, by IFEBIZ N — 1 =md — 1 DK

&oTlz Ny DRABDSE. ¢(d) Z 2 EIALRD)ZRHELED

B bk

md=1 (mod M)> ®)
5
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N=md &< N BFELFERFZHHLDT
lmd —1) = kp(N) = ko(m)p(d) £RB3D5

md =1 <m0d éod)> o = ged(4, o(d)) @)

o[ €] (N =1) 1205 o(d) /by, b lEEBIZ N — 1 = md — 1 D¥IEK
EoTh % T OEEBDS55. o(d) % 2 BN LEIDY)3EHLED
<l

md=1 (mod M)> ®)
5

Flew G 1E od) ZEIDYIBDT b < Jo(d) < Vd &5B 3
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Y E P EDKREBRER. Yo = Y2 &H<
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Y& VP EDREIHREE. Yo =V2 E<
*NIFY, EOKRESLHBEHMTIIEDYINEWVL. KRB N =mp,p>Ys &
ERCR e
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Y& VP EDREIHREE. Yo =V2 E<
*NIFY, EOKRESLHBEHMTIIEDYINEWVL. KRB N =mp,p>Ys &
TRLERDERNS m=1 (mod (p—1)/b). 3] (p—1) &BH
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Y & 2VB KDRERREK. Yo=Y &sL<

*NIFY, EOKRESLHBEHMTIIEDYINEWVL. KRB N =mp,p>Ys &
TRLERDERNS m=1 (mod (p—1)/b). 3] (p—1) &BH
m>1++yp—1>,/p.
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Y & 2VB KDRERREK. Yo=Y &sL<

*NIFY, EOKRESLHBEHMTIIEDYINEWVL. KRB N =mp,p>Ys &
TRLERDERNS m=1 (mod (p—1)/b). 3] (p—1) &BH
m>1+p—1> 5 N>p2>Y? =Y} o TFETS
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Y & 2VB KDRERREK. Yo=Y &sL<

*NIFY, EOKRESLHBEHMTIIEDYINEWVL. KRB N =mp,p>Ys &
TRLERDERNS m=1 (mod (p—1)/b). 3] (p—1) &BH
m>14+yp—1> o N>p2 >V =V3 e hoTFETS

FNBY FORSBERABEDLBVLEE,
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Y & 2VB KDRERREK. Yo=Y &sL<

*NIFY, EOKRESLHBEHMTIIEDYINEWVL. KRB N =mp,p>Ys &
TRLERDERNS m=1 (mod (p—1)/b). 3] (p—1) &BH
m>14+yp—1> o N>p2 >V =V3 e hoTFETS

FNBY FORZSBERABEDLBVEE, Y ULEDORND N DI
EAEBLLY, <d<Y2=Yy
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Y E P EDKREBRER. Yo = Y2 &H<

NIZ Y, EOKREIBRRHBTIIADOTNEW. EBEN=mp,p>Ysr &
TRLERDERNS m=1 (mod (p—1)/b). 3] (p—1) &BH

m>14+yp—1> o N>p2 >V =V3 e hoTFETS

NDAY, EDKREBRERABZHHRVWEE, Y UEDR/ND N DI
EALBLI<d<Y2=Y;

NAY <p<Y, OFEHFICEAH p Z2HOLE
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Y & 2VB KDRERREK. Yo=Y &sL<

NIZY, EOKZIBRBTIFEIDTINGRWL. REN=mp.p>Ys &
TRLERDERNS m=1 (mod (p—1)/b). 3] (p—1) &BH
m>14+yp—1> o N>p2 >V =V3 e hoTFETS
NDAY, EDKREBRERABZHHRVWEE, Y UEDR/ND N DI
EAEBLLY, <d<Y2=Yy

NAY, <p<Y, OFEFICEAB p ZH 2T NIFY <d<Yr &
B3 d=p%HD
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Y & 2VB KDRERREK. Yo=Y &sL<

NIZY, EOKZIBRBTIFEIDTINGRWL. REN=mp.p>Ys &
TRLERDERNS m=1 (mod (p—1)/b). 3] (p—1) &BH
m>1+p—1> 5 N>p2>Y? =Y} o TFETS
NHBY, SOKRELRABZHLHBVEE, Y UEORND N O
EAEBLLY, <d<Y2 =Yy

NHAY <p<Y, DBEICKER p ZH2LT NIFY1 <d<Yo &
BRIV d=pZEHD

F2TnldY1<d<Y, DEHIKIEKR dZzHD
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B dIZ2WT md =1 (mod p(d)/lz) E8BBE md < = OEKI
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B dIZD2WT md =1 (mod p(d)/lz) ET8BBE md < = OEKIF %<
&® 1+ [lx/(de(d))]

RiICHNTZ DS (o < \Jo(d) <Y
Hardy-Wright, Theorem 328 7 &H 5
d/p(d) < (67 4 o(1))loglog d < loglog
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B dIZD2WT md =1 (mod p(d)/lz) ET8BBE md < = OEKIF %<
EH 1+ [laz/(dp(d))]
FICHNIZZEDS b < /o(d) <V
Hardy-Wright, Theorem 328 7 &H 5
d/p(d) < (67 4 o(1))loglog d < loglog
& 2T a2 AT®D. almost Lehmer #d5 % L3 1-nearly Lehmer D&
#Iz<d

> 2 )

<Y1 Y1 <d<Y3,02|(d)
foxlog 1 @
X 10g 10g &
S ECIOEED D
05<Y1 Y1 <d<Y2,02|¢(d)

almost Lehmer BDIZE. (> FFARFZH-HEVHEZ. 1-nearly
Lehmer BDIHE (13 1 BLUVR#BZEL
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1-nearly Lehmer

CDIBE lo 13 1 FLIZRBIEDS 7(3) <2 HBDTLemma 1 15
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1-nearly Lehmer

CDIBE lo 13 1 FLIZRBIEDS 7(3) <2 HBDTLemma 1 15

Ur(z) < >

<Y2 (c1loglog SC)Q(ZZ) n x(c1 log log x)Q(@)“ )
ZQSYI ('lo)

% Yi4o

z(log z)(cy loglog )% +1 )

< <Y2 (c1loglog a:)ZT + %
1

182 /282



1-nearly Lehmer

CDIBE lo 13 1 FLIZRBIEDS 7(3) <2 HBDTLemma 1 15

Ur(z) < >

<Y2 (c1loglog SC)Q(ZZ) n x(c1 log log x)Q(@)H )
ZQSYI ('lo)

% Yi4o

z(log z)(cy loglog )% +1 )

< <Y2 (c1loglog a:)ZT + %
1

Y1 = (zlogzloglog2)!/? £ < T T, EEOHENEATES
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almost Lehmer

3| o(d) BDT Hardy-Wright D7EIE 328 #BURAWVT

p(d)/la > \/p(d) > (d/ loglog d)'/?
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almost Lehmer

3 | ¢(d) DT Hardy-Wright DR 328 #BUAWLT

d)/tls > \/@ > (d/loglogd)1/2
&2T Q) DHDDIC

1/2
HUs(z) < > (5(53;1@ > :E(logdf—ix))
an

lo<Y Y1 <d<Y2,03|¢(d)
«y

o<y 2

Q(l2)+1/2
<Y2 c1loglog ) Q) 4 r(cy 10g10g13;) )
YL/

1
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6 <Yy 1205

(1+0(1)) log Vs
loglog =

Q(3) = 2w(ly) < (12)
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6 <Yy 1205

(1+0(1))log Y,

2\ _
B) = 2w(ty) < =0 (12)
BDTLemma 2 &b
2
Z T(%) < Z @ < eleogl/A‘m a3
S

la<Yq 2 s<Ys
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(2.3 2 AD ICKALT

#Uoo(l') <<e(1+0(1))longlogloglogm/loglogz <}/2—|— 'f/2> (]4)
Yl
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(12). (A3 2 (IDICTKALT
#Us(2) < e(1+0(1)) log Yz logloglog z/ log log « <Y2 + f/2> (14)
Yl

Y, =225 ¢33 TEBDEREDIIATES

189 /282



2021/4/5 &5

2 BERRAZ B IR

PQ%& P*+4Q tB3EH. L

Up =0,U; = 1,Upy2 = PUp11 — QUp,

(15
‘/O :27‘/1 = P;Vn—l—Z = PVn+1 +Qvn

L&D Uy = Un(P,Q), Vi = Vo(P,Q)(n = 0,1,...) EEDB
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2021/4/5 &5

2 PEHRT B IRES
PQ% P*#4Q L B3BH. L

Up =0,U; = 1,Upy2 = PUp11 — QUp,

(15
‘/0:27‘/1=P;Vn+2=PVn+1+QVn

IZ&D Uy = Un(P,Q), Vi = Va(P,Q)(n = 0,1,...) ZEDHS

D=P?—4Q.a=(P+VD)/2,8=(P—-VD)/2% 2> — Pz +Q =0
D2DONDREITBL
U=y —an g (16)
a—f

s dokvae)

191 /282



=-10r&U,:0,1,1,2,3,5,... |& Fibonacci #&.
,3,4,7,11, ... IF Lucas e —Hd 3

"Zo
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P=1,Q=-10t&U,:0,1,1,2,3,5,... |& Flbonacci # .
V,:2,1,3,4,7,11, ... I& Lucas & —89 3
P=3Q=-—20rFU,=2"—1,V, =2"+1
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Fermat DEBD—iZbE LT, DTDOEELIHMSNTWVWS

Ribemboim, 1996, 2.1V
p% P,Q,D wu\a*‘n%iuotﬂemxﬁﬁzm%a P& U, (p/p ZEID
3. E72p | Vip— (/)2 & (Q/p) =
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PIED. T IR !

P=1,Q=-1t&< D=5, (5/323) = -1 HD
Urg = 2584 = 23 x 323 &0 323 13 Uspz_(5/323) = Usoa ZEIDENB (m B
n OB SIE Uy, 1 U, DRBERS) B 323 =17 x 19
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PIED. T IR !

P=1,Q=-1t&< D=5, (5/323) = -1 HD
Urg = 2584 = 23 x 323 &0 323 13 Uspz_(5/323) = Usoa ZEIDENB (m B
n OB SIE Uy, 1 U, DRBERS) B 323 =17 x 19

Un_(pym) EEIDYIZAME n & 2 BETEREKT U, ICHST 2EERE
Wx3!
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PIED. T IR !

P=1,Q=-1t&< D=5, (5/323) = -1 HD
Urg = 2584 = 23 x 323 &0 323 13 Uspz_(5/323) = Usoa ZEIDENB (m B
n OB SIE Uy, 1 U, DRBERS) B 323 =17 x 19

Un_(pym) EEIDYIZAME n & 2 BETEREKT U, ICHST 2EERE
Wx3!

Fibonacci i d 3 @Rskid 323,377, 1891, 3827, 4181, . .. (OEIS
A081264)
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KREBRRIE (Selfridge-Wagstaff-Pomerance ® 620 KJLRIRE)

2 ZERETRHREHT. HD Fibonacci BEHTH S, 5k + 2 DEOEIZ
BFETZIN?

(EWEZ3L. n=43 (mod10) D, 21 —1 ¢k
U (P=1,Q=-1) ZEBICBIDYIZ n I3FETEIH?)
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KREBRRIE (Selfridge-Wagstaff-Pomerance ® 620 KJLRIRE)

2 ZERETRHREHT. HD Fibonacci BEHTH S, 5k + 2 DEOEIZ
BFETZIN?

(EWEZ3L. n=43 (mod10) D, 21 —1 ¢k
U (P=1,Q=-1) ZEBICBIDYIZ n I3FETEIH?)

COBEADBRES:
MR IRTHET S n: Selfridge 5008, Wagstaff 1008,
Pomerance 20$

ZEEIRNTHET S n HEFEELHVI E DI Selfridge 208,
Wagstaff 100S, Pomerance 5008
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¥, D2FOLSHBEEDHSNATVS
Ribemboim, 1996, 2.1V

p BEEESIE V,(P,Q) = P (mod p)
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e D2TFDLSBREEDBMSNTVS

Ribemboim, 1996, 2.1V
p BEEESIE V,(P,Q) = P (mod p)

—HT. P=1,Q0 = —1 DY E n — 705, 2465, 2737, 3745, . .. (OEIS
A005845) IZXLTH V,, =1 (mod n) BEEDILD !
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TBICEED PIZDWT V, (P, —1) = P (mod n) B'EDIIDOERE n
(38 Fibonacci &E#) H1FEET B 443372888629441, 582920080863121,
39671149333495681, 842526563598720001, . .. (OEIS A299799)
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https://oeis.org/A299799

TSICEED PIZDOWT V,(P,—1) = P (mod n) BEEDIIDOERE n
(38 Fibonacci &E#) H1FEET B 443372888629441, 582920080863121,
39671149333495681, 842526563598720001, ... (OEIS A299799)

Lidl, Muller, Oswald, 1990
N H%3& Fibonacci &8 < N " FARFZHLBVEFHT. pHA N D
ZRBAESIE N =1 F7E p (mod (p? —1)/2)

& o T 3 Fibonacci #&#3 Carmichoel 8t H 3
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BD PIZOVWT Vy(P,1) =P (mod N) B DII>BHEET S:
7056721, 79397009999, 443372888629441, 582920080863121, . .. (OEIS
A175530)

Mdller, Oswald, 1991

FE®D P IZDOWT Vy(P,1) = P (mod n) B’EDIID < N W EARF%=
BT pH N ORAFHLSIEF N =+£1 (modp—1) B2
N =41 (modp+1)
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BD PIZOVWT Vy(P,1) =P (mod N) B DII>BHEET S:
7056721, 79397009999, 443372888629441, 582920080863121, . .. (OEIS
A175530)

Mdller, Oswald, 1991

FED P IC2WT Vy(P, 1) = P (mod n) BEDIID & N B EARF%=Z
BT pH N ORAFHLSIEF N =+£1 (modp—1) B2
N ==1 (modp+1)

D eh B N D ¥ Fibonacci BEH < N H Carmichael 88T, H
DEE®D P IZDOWT Vy(P,1) = P (mod n) BEEDILD. £WSZ&hbH
Hh3
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2000) Ff#R

208 /282


https://oeis.org/A175531

References (A-Bed)

Agoh, 1995:

209 /282



References (A-Bed)

Agoh, 1995:
Takashi Agoh, On Giuga’s conjecture, Manuscripta
Math. 87 (1995), 501-510

210/282



References (A-Bed)

Agoh, 1995:
Takashi Agoh, On Giuga’s conjecture, Manuscripta
Math. 87 (1995), 501-510

Agrawal, Kayal, and Saxena 2002-2004:

211/282



References (A-Bed)

Agoh, 1995:
Takashi Agoh, On Giuga’s conjecture, Manuscripta
Math. 87 (1995), 501-510

Agrawal, Kayal, and Saxena 2002-2004:

Manindra Agrawal, Neeraj Kayal, and Nitin Saxena,
PRIMES is in R Ann. of Math. 160 (2004), 781-793.

212/282



References (A-Bed)

Agoh, 1995:
Takashi Agoh, On Giuga’s conjecture, Manuscripta
Math. 87 (1995), 501-510

Agrawal, Kayal, and Saxena 2002-2004:
Manindra Agrawal, Neeraj Kayal, and Nitin Saxena,
PRIMES is in R Ann. of Math. 160 (2004), 781-793.

Bach, 1985:

213 /282



References (A-Bed)

Agoh, 1995:
Takashi Agoh, On Giuga’s conjecture, Manuscripta
Math. 87 (1995), 501-510

Agrawal, Kayal, and Saxena 2002-2004:
Manindra Agrawal, Neeraj Kayal, and Nitin Saxena,
PRIMES is in R Ann. of Math. 160 (2004), 781-793.

Bach, 1985:
Eric Bach, Analytic Methods in the Analysis and Design
of Number-Theoretic Algorithms, An ACM Distinguished
Dissertation 1984, The MIT Press, 1985.

214 /282



References (A-Bed)

Agoh, 1995:
Takashi Agoh, On Giuga’s conjecture, Manuscripta
Math. 87 (1995), 501-510

Agrawal, Kayal, and Saxena 2002-2004:
Manindra Agrawal, Neeraj Kayal, and Nitin Saxena,
PRIMES is in R Ann. of Math. 160 (2004), 781-793.

Bach, 1985:
Eric Bach, Analytic Methods in the Analysis and Design
of Number-Theoretic Algorithms, An ACM Distinguished
Dissertation 1984, The MIT Press, 1985.

Bedocchi, 1985:

215/282



References (A-Bed)

Agoh, 1995:

Takashi Agoh, On Giuga’s conjecture, Manuscripta
Math. 87 (1995), 501-510

Agrawal, Kayal, and Saxena 2002-2004:
Manindra Agrawal, Neeraj Kayal, and Nitin Saxena,
PRIMES is in R Ann. of Math. 160 (2004), 781-793.

Bach, 1985:
Eric Bach, Analytic Methods in the Analysis and Design
of Number-Theoretic Algorithms, An ACM Distinguished
Dissertation 1984, The MIT Press, 1985.

Bedocchi, 1985:
Edmondo Bedocchi Nota ad una congettura sui numeri
primi, Riv. Mat. Univ. Parma (4) 11 (1985), 229-236.

216 /282



References (Ben-Bure)

Bender, 1974:

217 /282



References (Ben-Bure)

Bender, 1974:
Edward A. Bender, Partitions of multisets, Disc. Math. 9
(1974), 301-311.

218 /282



References (Ben-Bure)

Bender, 1974:
Edward A. Bender, Partitions of multisets, Disc. Math. 9
(1974), 301-311.

Borwein, Maitland, and Skerritt, 2013:

219 /282



References (Ben-Bure)

Bender, 1974:

Edward A. Bender, Partitions of multisets, Disc. Math. 9
(1974), 301-311.

Borwein, Maitland, and Skerritt, 2013:
Jonathan Borwein, Christopher Maitland, and Matthew
Skerritt, Computation of an improved lower bound to
Giuga’s primality conjecture, INTEGERS 13 (2013), A6/, 14
pages.

220/282



References (Ben-Bure)

Bender, 1974:

Edward A. Bender, Partitions of multisets, Disc. Math. 9
(1974), 301-311.

Borwein, Maitland, and Skerritt, 2013:
Jonathan Borwein, Christopher Maitland, and Matthew
Skerritt, Computation of an improved lower bound to
Giuga’s primality conjecture, INTEGERS 13 (2013), A6/, 14
pages.

Burek and Zmija, 2016:

221 /282



References (Ben-Bure)

Bender, 1974:
Edward A. Bender, Partitions of multisets, Disc. Math. 9
(1974), 301-311.

Borwein, Maitland, and Skerritt, 2013:
Jonathan Borwein, Christopher Maitland, and Matthew
Skerritt, Computation of an improved lower bound to
Giuga’s primality conjecture, INTEGERS 13 (2013), A6/, 14
pages.

Burek and Zmija, 2016:

Dominik Burek and Btazej Zmija, A new upper bound for
numbers with the Lehmer property and its application to
repunit numbers, Int. J. Number Theory 15 (2016), 1463-
1468.

222 /282



References (Burt-C)

Burthe, 1997:

223 /282



References (Burt-C)

Burthe, 1997:
Ronald Joseph Burthe Jr. Upper bounds for least wit-
nesses and generating sets, Acta Arith. 35 (1997), 311-
326.

224 /282



References (Burt-C)

Burthe, 1997:
Ronald Joseph Burthe Jr. Upper bounds for least wit-
nesses and generating sefts, Acta Arith. 35 (1997), 311-
326.

Canfield, Erdds, and Pomerance, 1983:

225 /282



References (Burt-C)

Burthe, 1997:
Ronald Joseph Burthe Jr. Upper bounds for least wit-
nesses and generating sefts, Acta Arith. 35 (1997), 311-
326.

Canfield, Erdds, and Pomerance, 1983:
E. R. Canfield, P Erdés, and C. Pomerance, On a problem
of Oppenheim concerning “Factorisatio Numerorum”, J.
Number Theory 17 (1983), 1-28.

226 /282



References (Burt-C)

Burthe, 1997:
Ronald Joseph Burthe Jr. Upper bounds for least wit-
nesses and generating sefts, Acta Arith. 35 (1997), 311-
326.

Canfield, Erdds, and Pomerance, 1983:
E. R. Canfield, P Erdés, and C. Pomerance, On a problem
of Oppenheim concerning “Factorisatio Numerorum”, J.
Number Theory 17 (1983), 1-28.

Crandall and Pomerance, 2005:

227 /282



References (Burt-C)

Burthe, 1997:
Ronald Joseph Burthe Jr. Upper bounds for least wit-
nesses and generating sefts, Acta Arith. 35 (1997), 311-
326.

Canfield, Erdds, and Pomerance, 1983:
E. R. Canfield, P Erdés, and C. Pomerance, On a problem
of Oppenheim concerning “Factorisatio Numerorum”, J.
Number Theory 17 (1983), 1-28.

Crandall and Pomerance, 2005:
Richard Crandall and Carl Pomerance, Prime Numbers.
A Computational Perspective, 2nd ed. Springer, New
York, 2005.

228 /282



References (Burt-C)

Burthe, 1997:
Ronald Joseph Burthe Jr. Upper bounds for least wit-
nesses and generating sefts, Acta Arith. 35 (1997), 311-
326.

Canfield, Erdds, and Pomerance, 1983:
E. R. Canfield, P Erdés, and C. Pomerance, On a problem
of Oppenheim concerning “Factorisatio Numerorum”, J.
Number Theory 17 (1983), 1-28.

Crandall and Pomerance, 2005:
Richard Crandall and Carl Pomerance, Prime Numbers.
A Computational Perspective, 2nd ed. Springer, New
York, 2005.

Cohen and Hagis 1980:

229 /282



References (Burt-C)

Burthe, 1997:
Ronald Joseph Burthe Jr. Upper bounds for least wit-
nesses and generating sefts, Acta Arith. 35 (1997), 311-
326.

Canfield, Erdds, and Pomerance, 1983:
E. R. Canfield, P Erdés, and C. Pomerance, On a problem
of Oppenheim concerning “Factorisatio Numerorum”, J.
Number Theory 17 (1983), 1-28.

Crandall and Pomerance, 2005:
Richard Crandall and Carl Pomerance, Prime Numbers.
A Computational Perspective, 2nd ed. Springer, New
York, 2005.

Cohen and Hagis 1980:
G. L. Cohen and P Hagis Jr., On the number of prime fac-
fors of n if p(n) | (n — 1), Nieuw Arch. Wisk. (3) 28 (1980),
177-185.
230/282



References (E-G)

EGPS, 1990:

231 /282



References (E-G)

EGPS, 1990:
P Erdds, A. Granville, C. Pomerance, and C. Spiro, On the
normal behavior of the iterates of some arithmetic func-
tions, Analytic Number Theory, Proceedings of a Confer-
ence in Honor of Paul T. Bateman, Birkhduser, 1990, 165-
204.

232 /282



References (E-G)

EGPS, 1990:
P Erdds, A. Granville, C. Pomerance, and C. Spiro, On the
normal behavior of the iterates of some arithmetic func-
tions, Analytic Number Theory, Proceedings of a Confer-
ence in Honor of Paul T. Bateman, Birkhduser, 1990, 165-
204.

Giuga, 1950:

233 /282



References (E-G)

EGPS, 1990:
P Erdds, A. Granville, C. Pomerance, and C. Spiro, On the
normal behavior of the iterates of some arithmetic func-
tions, Analytic Number Theory, Proceedings of a Confer-
ence in Honor of Paul T. Bateman, Birkhduser, 1990, 165-
204.

Giuga, 1950:

Giuseppe Giuga, Su una presumibile proprieta caratter-
istica dei numeri primi, Ist. Lombardo Sci. Lett. Rend. Cl.
Sci. Mat. Nat. (3) 14 (83) (1950), 511-528.

234 /282



References (E-G)

EGPS, 1990:
P Erdds, A. Granville, C. Pomerance, and C. Spiro, On the
normal behavior of the iterates of some arithmetic func-
tions, Analytic Number Theory, Proceedings of a Confer-
ence in Honor of Paul T. Bateman, Birkhduser, 1990, 165-
204.

Giuga, 1950:
Giuseppe Giuga, Su una presumibile proprieta caratter-
istica dei numeri primi, Ist. Lombardo Sci. Lett. Rend. Cl.
Sci. Mat. Nat. (3) 14 (83) (1950), 511-528.

Grau and Oller-Marcén, 2012:

235/282



References (E-G)

EGPS, 1990:
P Erdds, A. Granville, C. Pomerance, and C. Spiro, On the
normal behavior of the iterates of some arithmetic func-
tions, Analytic Number Theory, Proceedings of a Confer-
ence in Honor of Paul T. Bateman, Birkhduser, 1990, 165-
204.

Giuga, 1950:

Giuseppe Giuga, Su una presumibile proprieta caratter-
istica dei numeri primi, Ist. Lombardo Sci. Lett. Rend. Cl.
Sci. Mat. Nat. (3) 14 (83) (1950), 511-528.

Grau and Oller-Marcén, 2012:
José Maria Grau and Antonio M. Olle-Marcén, On k-
Lehmer numbers, Integers 12 (2012), #A37.

236 /282



References (H-Le)

Hardy-Wright:

237 /282


https://aimath.org/WWN/primesinp/articles/html/50a/
https://aimath.org/WWN/primesinp/articles/html/50a/

References (H-Le)

Hardy-Wright:
G. H. Hardy and E. M. Wright, An Introduction to the The-
ory of Numbers, 6th edition, revised by D. R. Heath-Brown
and J. H. Siverman, Oxford University Press, 2008.

238 /282


https://aimath.org/WWN/primesinp/articles/html/50a/
https://aimath.org/WWN/primesinp/articles/html/50a/

References (H-Le)

Hardy-Wright:
G. H. Hardy and E. M. Wright, An Introduction to the The-
ory of Numbers, 6th edition, revised by D. R. Heath-Brown
and J. H. Siverman, Oxford University Press, 2008.

Howe, 2000:

239 /282


https://aimath.org/WWN/primesinp/articles/html/50a/
https://aimath.org/WWN/primesinp/articles/html/50a/

References (H-Le)

Hardy-Wright:
G. H. Hardy and E. M. Wright, An Introduction to the The-
ory of Numbers, 6th edition, revised by D. R. Heath-Brown
and J. H. Siverman, Oxford University Press, 2008.

Howe, 2000:
Evereft W. Howe, Higher-ordeer Carmichael Numbers,
Math. Comp. 69 (2000), 1711-1719.

240/282


https://aimath.org/WWN/primesinp/articles/html/50a/
https://aimath.org/WWN/primesinp/articles/html/50a/

References (H-Le)

Hardy-Wright:
G. H. Hardy and E. M. Wright, An Introduction to the The-
ory of Numbers, 6th edition, revised by D. R. Heath-Brown
and J. H. Siverman, Oxford University Press, 2008.

Howe, 2000:
Evereft W. Howe, Higher-ordeer Carmichael Numbers,
Math. Comp. 69 (2000), 1711-1719.

Lehmer, 1932:

241 /282


https://aimath.org/WWN/primesinp/articles/html/50a/
https://aimath.org/WWN/primesinp/articles/html/50a/

References (H-Le)

Hardy-Wright:
G. H. Hardy and E. M. Wright, An Introduction to the The-
ory of Numbers, 6th edition, revised by D. R. Heath-Brown
and J. H. Siverman, Oxford University Press, 2008.

Howe, 2000:
Evereft W. Howe, Higher-ordeer Carmichael Numbers,
Math. Comp. 69 (2000), 1711-1719.

Lehmer, 1932:
D. H. Lehmer, On Euler’s totient function, Bull. Amer.
Math. Soc. 38 (1932), 745-751.

242 /282


https://aimath.org/WWN/primesinp/articles/html/50a/
https://aimath.org/WWN/primesinp/articles/html/50a/

References (H-Le)

Hardy-Wright:
G. H. Hardy and E. M. Wright, An Introduction to the The-
ory of Numbers, 6th edition, revised by D. R. Heath-Brown
and J. H. Siverman, Oxford University Press, 2008.

Howe, 2000:
Evereft W. Howe, Higher-ordeer Carmichael Numbers,
Math. Comp. 69 (2000), 1711-1719.

Lehmer, 1932:
D. H. Lehmer, On Euler’s totient function, Bull. Amer.
Math. Soc. 38 (1932), 745-751.

Lenstra and Pomerance, 2003:

243 /282


https://aimath.org/WWN/primesinp/articles/html/50a/
https://aimath.org/WWN/primesinp/articles/html/50a/

References (H-Le)

Hardy-Wright:
G. H. Hardy and E. M. Wright, An Introduction to the The-
ory of Numbers, 6th edition, revised by D. R. Heath-Brown
and J. H. Siverman, Oxford University Press, 2008.

Howe, 2000:
Evereft W. Howe, Higher-ordeer Carmichael Numbers,
Math. Comp. 69 (2000), 1711-1719.

Lehmer, 1932:
D. H. Lehmer, On Euler’s totient function, Bull. Amer.
Math. Soc. 38 (1932), 745-751.

Lenstra and Pomerance, 2003:
Remarks on Agrawal’s Conjecture, https://aimath.
org/WWN/primesinp/articles/html/50a/

244 /282


https://aimath.org/WWN/primesinp/articles/html/50a/
https://aimath.org/WWN/primesinp/articles/html/50a/

References (Li-Mc)

Lidl, Mdller, Oswald, 1990:

245 /282



References (Li-Mc)

Lidl, Muller, Oswald, 1990:
Rudolf Lidl, Winfried B. Mudiller, and Alan Oswald, Some

remarks on strong Fibonacci pseudoprimes, Appl. Alg.
Eng. Comm. Comput. 1 (1990), 59-65.

246 /282



References (Li-Mc)

Lidl, Muller, Oswald, 1990:
Rudolf Lidl, Winfried B. Mudiller, and Alan Oswald, Some

remarks on strong Fibonacci pseudoprimes, Appl. Alg.
Eng. Comm. Comput. 1 (1990), 59-65.

Luca and Pomerance, 2011:

247 /282



References (Li-Mc)

Lidl, Muller, Oswald, 1990:
Rudolf Lidl, Winfried B. Mudiller, and Alan Oswald, Some

remarks on strong Fibonacci pseudoprimes, Appl. Alg.
Eng. Comm. Comput. 1 (1990), 59-65.

Luca and Pomerance, 2011:
Florian Luca and Carl Pomerance, On composite inte-

gers n for which ¢(n) | n — 1, Bol. Soc. Mat. Mexicana (3)
17 (2011), 13-21.

248 /282



References (Li-Mc)

Lidl, Muller, Oswald, 1990:
Rudolf Lidl, Winfried B. Mudiller, and Alan Oswald, Some

remarks on strong Fibonacci pseudoprimes, Appl. Alg.
Eng. Comm. Comput. 1 (1990), 59-65.

Luca and Pomerance, 2011:
Florian Luca and Carl Pomerance, On composite inte-

gers n for which ¢(n) | n — 1, Bol. Soc. Mat. Mexicana (3)
17 (2011), 13-21.
McNew, 2013:

249 /282



References (Li-Mc)

Lidl, Muller, Oswald, 1990:
Rudolf Lidl, Winfried B. Mudiller, and Alan Oswald, Some

remarks on strong Fibonacci pseudoprimes, Appl. Alg.
Eng. Comm. Comput. 1 (1990), 59-65.

Luca and Pomerance, 2011:
Florian Luca and Carl Pomerance, On composite inte-
gers n for which ¢(n) | n — 1, Bol. Soc. Mat. Mexicana (3)

17 (2011), 13-21.

McNew, 2013:
Nathan McNew, Radically weakening the Lehmer and

Carmichael conditions, Int. J. Number Theory 9 (2013),
1215-1224.

250/282



References (Mc& W-MU)

McNew and Wright, 2016:

251 /282



References (Mc& W-MU)

McNew and Wright, 2016:
Nathan McNew and Thomas Wright, Infinitude of k-
Lehmer numbers which are not Carmichael, Int. J. Num-
ber Theory 12 (2016), 1863-1869.

252 /282



References (Mc& W-MU)

McNew and Wright, 2016:
Nathan McNew and Thomas Wright, Infinitude of k-
Lehmer numbers which are not Carmichael, Int. J. Num-
ber Theory 12 (2016), 1863-1869.

Gary L. Miller, 1976:

253 /282



References (Mc& W-MU)

McNew and Wright, 2016:
Nathan McNew and Thomas Wright, Infinitude of k-
Lehmer numbers which are not Carmichael, Int. J. Num-
ber Theory 12 (2016), 1863-1869.

Gary L. Miller, 1976:
Riemann’s hypothesis and tests for primality, J. Comput.
Sys. Sci. 13 (1976), 300-317.

254 /282



References (Mc& W-MU)

McNew and Wright, 2016:
Nathan McNew and Thomas Wright, Infinitude of k-
Lehmer numbers which are not Carmichael, Int. J. Num-
ber Theory 12 (2016), 1863-1869.

Gary L. Miller, 1976:
Riemann’s hypothesis and tests for primality, J. Comput.
Sys. Sci. 13 (1976), 300-317.

Muller, Oswald, 1991:

255 /282



References (Mc& W-MU)

McNew and Wright, 2016:
Nathan McNew and Thomas Wright, Infinitude of k-
Lehmer numbers which are not Carmichael, Int. J. Num-
ber Theory 12 (2016), 1863-1869.

Gary L. Miller, 1976:
Riemann’s hypothesis and tests for primality, J. Comput.
Sys. Sci. 13 (1976), 300-317.

Mdller, Oswald, 1991:
Winfried B. Mdller, and Alan Oswald, Dickson Pseudo-
primes and Primality Testing, in Advances in Cryptology
- EUROCRYPT ‘91, Lecture Notes Comput. Sci. 547, 512-
516.

256 /282



References (Mc& W-MU)

McNew and Wright, 2016:
Nathan McNew and Thomas Wright, Infinitude of k-
Lehmer numbers which are not Carmichael, Int. J. Num-
ber Theory 12 (2016), 1863-1869.

Gary L. Miller, 1976:
Riemann’s hypothesis and tests for primality, J. Comput.
Sys. Sci. 13 (1976), 300-317.

Mdller, Oswald, 1991:
Winfried B. Mdller, and Alan Oswald, Dickson Pseudo-
primes and Primality Testing, in Advances in Cryptology
- EUROCRYPT ‘91, Lecture Notes Comput. Sci. 547, 512-
516.

Muller, Oswald, 1992:

257 /282



References (Mc& W-MU)

McNew and Wright, 2016:
Nathan McNew and Thomas Wright, Infinitude of k-
Lehmer numbers which are not Carmichael, Int. J. Num-
ber Theory 12 (2016), 1863-1869.

Gary L. Miller, 1976:

Riemann’s hypothesis and fests for primality, J. Comput.
Sys. Sci. 13 (1976), 300-317.

Muller, Oswald, 1991:
Winfried B. Mduller, and Alan Oswald, Dickson Pseudo-
primes and Primality Testing, in Advances in Cryptology
- EUROCRYPT ‘91, Lecture Notes Comput. Sci. 547, 512-
516.

Muller, Oswald, 1992:
Generalized Fibonacci pseudoprimes and probable
primes, in Applications of Fibonacci Numbers 5 (1992),

Springer Science+Business Media, B. V., 459-464.
258 /282



References (O-Pom)

Oppenheim, 1927.

259 /282


http://www.chalcedon.demon.co.uk/rgep/rcam.html
http://www.chalcedon.demon.co.uk/rgep/rcam.html

References (O-Pom)

Oppenheim, 1927.
A. Oppenheim, On an arithmetic function Il, J. London
Math. Soc. 2 (1927), 123-130.

260/282


http://www.chalcedon.demon.co.uk/rgep/rcam.html
http://www.chalcedon.demon.co.uk/rgep/rcam.html

References (O-Pom)

Oppenheim, 1927.
A. Oppenheim, On an arithmetic function Il, J. London
Math. Soc. 2 (1927), 123-130.

Pinch’s research page:

261 /282


http://www.chalcedon.demon.co.uk/rgep/rcam.html
http://www.chalcedon.demon.co.uk/rgep/rcam.html

References (O-Pom)

Oppenheim, 1927.
A. Oppenheim, On an arithmetic function Il, J. London
Math. Soc. 2 (1927), 123-130.

Pinch’s research page:
Richard G.E. Pinch, Mathematics research page,
http://www.chalcedon.demon.co.uk/rgep/rcam.
html

262 /282


http://www.chalcedon.demon.co.uk/rgep/rcam.html
http://www.chalcedon.demon.co.uk/rgep/rcam.html

References (O-Pom)

Oppenheim, 1927.
A. Oppenheim, On an arithmetic function Il, J. London
Math. Soc. 2 (1927), 123-130.

Pinch’s research page:
Richard G.E. Pinch, Mathematics research page,

http://www.chalcedon.demon.co.uk/rgep/rcam.
html

Pollard, 1974:

263 /282


http://www.chalcedon.demon.co.uk/rgep/rcam.html
http://www.chalcedon.demon.co.uk/rgep/rcam.html

References (O-Pom)

Oppenheim, 1927.
A. Oppenheim, On an arithmetic function Il, J. London
Math. Soc. 2 (1927), 123-130.

Pinch’s research page:
Richard G.E. Pinch, Mathematics research page,
http://www.chalcedon.demon.co.uk/rgep/rcam.
html

Pollard, 1974:
J. M. Pollard, Theorems on factorization and primality test-
ing, Proc. Cambridge Philos. Soc. 76 (1974), 5621-528.

264 /282


http://www.chalcedon.demon.co.uk/rgep/rcam.html
http://www.chalcedon.demon.co.uk/rgep/rcam.html

References (O-Pom)

Oppenheim, 1927.
A. Oppenheim, On an arithmetic function Il, J. London
Math. Soc. 2 (1927), 123-130.

Pinch’s research page:
Richard G.E. Pinch, Mathematics research page,

http://www.chalcedon.demon.co.uk/rgep/rcam.
html

Pollard, 1974:
J. M. Pollard, Theorems on factorization and primality test-
ing, Proc. Cambridge Philos. Soc. 76 (1974), 5621-528.

Pomerance, 1977:

265 /282


http://www.chalcedon.demon.co.uk/rgep/rcam.html
http://www.chalcedon.demon.co.uk/rgep/rcam.html

References (O-Pom)

Oppenheim, 1927.
A. Oppenheim, On an arithmetic function Il, J. London
Math. Soc. 2 (1927), 123-130.

Pinch’s research page:
Richard G.E. Pinch, Mathematics research page,
http://www.chalcedon.demon.co.uk/rgep/rcam.
html

Pollard, 1974:
J. M. Pollard, Theorems on factorization and primality test-
ing, Proc. Cambridge Philos. Soc. 76 (1974), 5621-528.

Pomerance, 1977:
Carl Pomerance, On composites n for which ¢(n) | (n—1),
Il, Pacific J. Math. 69 (1977), 177-186.

266 /282


http://www.chalcedon.demon.co.uk/rgep/rcam.html
http://www.chalcedon.demon.co.uk/rgep/rcam.html

References (Pop-R)

Popovych, 2008:

267 /282


https://eprint.iacr.org/2009/008.pdf
https://eprint.iacr.org/2009/008.pdf
https://library.wolfram.com/infocenter/MathSource/5483/
https://library.wolfram.com/infocenter/MathSource/5483/

References (Pop-R)

Popovych, 2008:
Roman Popovych, A note on Agrawal conjecture,
Cryptology ePrint Archive: https://eprint.iacr.org/
2009/008.pdf

268 /282


https://eprint.iacr.org/2009/008.pdf
https://eprint.iacr.org/2009/008.pdf
https://library.wolfram.com/infocenter/MathSource/5483/
https://library.wolfram.com/infocenter/MathSource/5483/

References (Pop-R)

Popovych, 2008:
Roman Popovych, A note on Agrawal conjecture,
Cryptology ePrint Archive: https://eprint.iacr.org/
2009/008.pdf

Rabin, 1980:

269 /282


https://eprint.iacr.org/2009/008.pdf
https://eprint.iacr.org/2009/008.pdf
https://library.wolfram.com/infocenter/MathSource/5483/
https://library.wolfram.com/infocenter/MathSource/5483/

References (Pop-R)

Popovych, 2008:
Roman Popovych, A note on Agrawal conjecture,
Cryptology ePrint Archive: https://eprint.iacr.org/
2009/008.pdf

Rabin, 1980:
Michael O. Rabin, Probabilistic algorithm for testing pri-
mality, J. Number Theory 12 (1980), 128-138.

270/282


https://eprint.iacr.org/2009/008.pdf
https://eprint.iacr.org/2009/008.pdf
https://library.wolfram.com/infocenter/MathSource/5483/
https://library.wolfram.com/infocenter/MathSource/5483/

References (Pop-R)

Popovych, 2008:
Roman Popovych, A note on Agrawal conjecture,
Cryptology ePrint Archive: https://eprint.iacr.org/
2009/008.pdf

Rabin, 1980:
Michael O. Rabin, Probabilistic algorithm for testing pri-
mality, J. Number Theory 12 (1980), 128-138.

Renze’s notebook:

271 /282


https://eprint.iacr.org/2009/008.pdf
https://eprint.iacr.org/2009/008.pdf
https://library.wolfram.com/infocenter/MathSource/5483/
https://library.wolfram.com/infocenter/MathSource/5483/

References (Pop-R)

Popovych, 2008:
Roman Popovych, A note on Agrawal conjecture,
Cryptology ePrint Archive: https://eprint.iacr.org/
2009/008.pdf

Rabin, 1980:
Michael O. Rabin, Probabilistic algorithm for testing pri-
mality, J. Number Theory 12 (1980), 128-138.

Renze’s notebook:
John Renze, Computational evidence for Lehmer’s
totient conjecture, https://library.wolfram.com/
infocenter/MathSource/5483/

272 /282


https://eprint.iacr.org/2009/008.pdf
https://eprint.iacr.org/2009/008.pdf
https://library.wolfram.com/infocenter/MathSource/5483/
https://library.wolfram.com/infocenter/MathSource/5483/

References (Pop-R)

Popovych, 2008:
Roman Popovych, A note on Agrawal conjecture,
Cryptology ePrint Archive: https://eprint.iacr.org/
2009/008.pdf

Rabin, 1980:
Michael O. Rabin, Probabilistic algorithm for testing pri-
mality, J. Number Theory 12 (1980), 128-138.

Renze’s notebook:
John Renze, Computational evidence for Lehmer’s
totient conjecture, https://library.wolfram.com/
infocenter/MathSource/5483/

Ribenboim, 1996:

273 /282


https://eprint.iacr.org/2009/008.pdf
https://eprint.iacr.org/2009/008.pdf
https://library.wolfram.com/infocenter/MathSource/5483/
https://library.wolfram.com/infocenter/MathSource/5483/

References (Pop-R)

Popovych, 2008:
Roman Popovych, A note on Agrawal conjecture,
Cryptology ePrint Archive: https://eprint.iacr.org/
2009/008.pdf

Rabin, 1980:
Michael O. Rabin, Probabilistic algorithm for testing pri-
mality, J. Number Theory 12 (1980), 128-138.

Renze’s notebook:
John Renze, Computational evidence for Lehmer’s
totient conjecture, https://library.wolfram.com/
infocenter/MathSource/5483/

Ribenboim, 1996:
The New Book of Prime Number Records, Springer, 1996.

274 /282


https://eprint.iacr.org/2009/008.pdf
https://eprint.iacr.org/2009/008.pdf
https://library.wolfram.com/infocenter/MathSource/5483/
https://library.wolfram.com/infocenter/MathSource/5483/

References (S)

Shanks, 1971:

275 /282



References (S)

Shanks, 1971:
Class Number, a theory of factorization, and genera, in
1969 Number Theory Institute, Proc. Symp. Pure Math. 20
(1969), 415-440, Amer. Math. Soc., Providence, R.I., 1971.

276 /282



References (S)

Shanks, 1971:
Class Number, a theory of factorization, and genera, in
1969 Number Theory Institute, Proc. Symp. Pure Math. 20
(1969), 415-440, Amer. Math. Soc., Providence, R.I., 1971.

Shor, 1994:

277 / 282



References (S)

Shanks, 1971:
Class Number, a theory of factorization, and genera, in
1969 Number Theory Institute, Proc. Symp. Pure Math. 20
(1969), 415-440, Amer. Math. Soc., Providence, R.I., 1971.

Shor, 1994.
P W. Shor, Algorithms for quantum computation: discrete
logarithms and factoring, Proc. 35th Annual Symposium
on Fundation of Computer Science, IEEE Comput. Soc.,
1994, 124-134.

278 /282



References (S)

Shanks, 1971:
Class Number, a theory of factorization, and genera, in
1969 Number Theory Institute, Proc. Symp. Pure Math. 20
(1969), 415-440, Amer. Math. Soc., Providence, R.I., 1971.

Shor, 1994.
P W. Shor, Algorithms for quantum computation: discrete
logarithms and factoring, Proc. 35th Annual Symposium
on Fundation of Computer Science, IEEE Comput. Soc.,
1994, 124-134.

Strassen, 1976:

279 /282



References (S)

Shanks, 1971:
Class Number, a theory of factorization, and genera, in
1969 Number Theory Institute, Proc. Symp. Pure Math. 20
(1969), 415-440, Amer. Math. Soc., Providence, R.I., 1971.

Shor, 1994.
P W. Shor, Algorithms for quantum computation: discrete
logarithms and factoring, Proc. 35th Annual Symposium
on Fundation of Computer Science, IEEE Comput. Soc.,
1994, 124-134.

Strassen, 1976:
Von Volker Strassen, Einige Resultate Udber Berech-
nungskomplexitat, Jber. Deutsch. Math.-Verein. 78
(1976/77), 1-8.

280 /282



MANY THANRS
JOR, YOUR, ATTENTION

To be continued. >
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